We prove that a three-dimensional smooth complete intersection of two quadrics over a field k is k-rational if and only if it contains a line defined over k. To do so, we develop a theory of intermediate Jacobians for geometrically rational threefolds over arbitrary, not necessarily perfect, fields.
Introduction
Let k be a field and let Γ k := Aut(k/k) be its absolute Galois group. Our main result answers positively a conjecture of Kuznetsov and Prokhorov.
Theorem A (Theorem 4.9). Let X ⊂ P 5 k be a smooth complete intersection of two quadrics. Then X is k-rational if and only if it contains a line defined over k.
Theorem A may be compared to the classical fact that a smooth quadric over k is k-rational if and only if it has a k-point. However, although it is easy to check that a smooth projective k-rational variety has a k-point, that a k-rational threedimensional smooth complete intersection of two quadrics X necessarily contains a k-line is a highly non-trivial fact. To this end, we rely on obstructions to the k-rationality of X arising from a study of its intermediate Jacobian.
Such obstructions go back to the seminal work of Clemens and Griffiths [CG72] : the intermediate Jacobian of a smooth projective threefold over C that is C-rational is isomorphic, as a principally polarized abelian variety over C, to the Jacobian of a (not necessarily connected) smooth projective curve. They have been used in [CG72] to show that smooth cubic threefolds over C are never C-rational, and have received many more applications since then (see for instance [Bea77] ). These arguments were extended by Murre [Mur73] to algebraically closed fields of any characteristic. More recently, we have implemented them over arbitrary perfect fields k [BW19] : that the intermediate Jacobian may be isomorphic to the Jacobian of a smooth projective curve over k, but not over k, allowed us to produce new examples of k-rational varieties that are not k-rational.
Hassett and Tschinkel [HT19a] have subsequently noticed that, over a non-closed field k, the intermediate Jacobian carries further obstructions to k-rationality. Not only is the intermediate Jacobian of a smooth projective k-rational threefold X isomorphic to the Jacobian Pic 0 (C) of an appropriate smooth projective curve C over k, but the torsors thereunder associated with Γ k -invariant algebraic equivalence classes of codimension 2 cycles on X are also of the form Pic α (C) for some α ∈ NS 1 (C k ) Γ k . When X is a smooth three-dimensional complete intersection of two quadrics, they used these obstructions in combination with the natural identification of the variety of lines of X with a torsor under the intermediate Jacobian of X to prove Theorem A over k = R [HT19a, Theorem 36] (and later [HT19b] over subfields of C). We extend these arguments to arbitrary fields.
Applications to k-rationality criteria for other classes of k-rational threefolds will appear in a forthcoming work by Kuznetsov and Prokhorov [KP19] .
So far, we have been imprecise about what we call the intermediate Jacobian of a smooth projective threefold X over k.
If k = C, one can use Griffiths' intermediate Jacobian J 3 X constructed by transcendental means. This is the original path taken by Clemens and Griffiths [CG72] . The algebraic part of Griffiths' intermediate Jacobian has been shown to descend to subfields k ⊂ C by Achter, Casalaina-Martin and Vial [ACMV17, Theorem B]; the resulting k-structure on J 3 X is the one used in [HT19b] .
Over algebraically closed fields of arbitrary characteristic, a different construction of an intermediate Jacobian Ab 2 (X), based on codimension 2 cycles, has been provided by Murre [Mur85, Theorem A p. 226 ] (see also [Kah18] ). This cycletheoretic approach to intermediate Jacobians had already been applied by Murre [Mur73] to rationality problems. Over a perfect field k, the universal property satisfied by Murre's intermediate Jacobian Ab 2 (X k ) induces a Galois descent datum on Ab 2 (X k ), yielding a k-form Ab 2 (X) of Ab 2 (X k ) [ACMV17, Theorem 4.4]. The intermediate Jacobian Ab 2 (X) is the one used in [BW19] .
Over an imperfect field k, one runs into the difficulty that Murre's definition of Ab 2 (X k ) does not give rise to a k/k-descent datum on Ab 2 (X k ). One could try to mimic Murre's definition directly over the base field k, but we would not know how to construct, on the abelian variety thus defined, the principal polarization that is so crucial to the Clemens-Griffiths method. To overcome this difficulty and prove Theorem A in full generality, we provide, over an arbitrary field k, an entirely new construction of an intermediate Jacobian.
Our point of view is inspired by Grothendieck's definition of the Picard scheme [Gro62] . With any smooth projective k-rational threefold X over k, we associate a functor CH 2 X/k,fppf : (Sch/k) op → (Ab) endowed with a natural bijection CH 2 (X k ) ∼ −→ CH 2 X/k,fppf (k) (see Definition 2.9 and (3.1)). The functor CH 2 X/k,fppf is an analogue for codimension 2 cycles of the Picard functor Pic X/k,fppf . Too naive attempts to define CH 2 X/k,fppf , such as T → CH 2 (X T ), fail as Chow groups are not even contravariant with respect to arbitrary morphisms: one would need to use a contravariant variant of Chow groups (see Remark 3.2 (ii)). To solve this issue, we view Chow groups as a subquotient of K-theory by means of the Chern character, and we define CH 2 X/k,fppf to be an appropriate subquotient of (the fppf sheafification of) T → K 0 (X T ). That this procedure gives rise to the correct functor, even integrally, is a consequence of the Riemann-Roch theorem without denominators.
We show that CH 2 X/k,fppf is represented by a k-group scheme CH 2 X/k (Theorem 3.1 (i)). Our functorial approach is crucial for this, as it allows us to argue by fppf descent from a finite extension l of k such that X is l-rational. The k-group scheme that we use as a substitute for the intermediate Jacobian of X is the identity component (CH 2 X/k ) 0 of CH 2 X/k , which is an abelian variety (Theorem 3.1 (ii)). We hope that this functorial perspective on intermediate Jacobians may have other applications (to intermediate Jacobians in families, to deformations of algebraic cycles).
Establishing an identification (CH 2 X/k ) 0 k ≃ Ab 2 (X k ) (Theorem 3.1 (vi)) and using the principal polarization on Ab 2 (X k ) constructed in [BW19] , we endow (CH 2 X/k ) 0 with a canonical principal polarization, which paves the way for applications to rationality questions. Let us now state the most general obstruction to the k-rationality of a smooth projective threefold that we obtain by analyzing CH 2 X/k . Theorem B (Theorem 3.1 (vii)). Let X be a smooth projective k-rational threefold over k. Then there exists a smooth projective curve B over k such that the k-group scheme CH 2 X/k can be realized as a direct factor of Pic B/k in a way that respects principal polarizations.
In Theorem 3.10, we deduce from Theorem B more concrete obstructions to the k-rationality of X, pertaining to the Néron-Severi group NS 2 (X k ) of algebraic equivalence classes of codimension 2 cycles on X k , to the principally polarized abelian variety (CH 2 X/k ) 0 , and to the (CH 2 X/k ) 0 -torsors that are of the form (CH 2 X/k ) α for some α ∈ CH 2 X/k /(CH 2 X/k ) 0 (k) = NS 2 (X k ) Γ k . The principle of the proof of Theorem B goes back to Clemens and Griffiths. Since X is k-rational, it can be obtained from P 3 k by a composition of blow-ups of regular curves and of closed points, followed by a contraction. The curve B whose existence is predicted by Theorem B is then roughly the union of the blown-up curves. This works perfectly well if k is perfect. However, if k is imperfect, some of the blown-up curves may be regular but not smooth over k. It is nevertheless very important, in view of the application to Theorem A, that the curve B appearing in the statement of Theorem B be smooth over k. To prove Theorem B in this form, one thus has to show that the contributions of those non-smooth regular curves eventually cancel out. This non-trivial fact relies on a complete understanding of which Jacobians of proper integral curves over k split as the product of an affine group scheme and of an abelian variety over k (Theorem 1.7).
The text is organized as follows. Sections 1 and 2 gather preliminaries, concerning respectively group schemes and K-theory. Section 2 contains in particular the definition of the above-mentioned functor CH 2 X/k,fppf associated with a smooth projective k-rational threefold X over k (Definition 2.9). In Section 3, we prove that this functor is representable and study the k-group scheme CH 2 X/k that represents it (Theorem 3.1). A number of obstructions to the k-rationality of X are then derived (Theorem 3.1 (vii) and Theorem 3.10). Section 4 is devoted to applications to three-dimensional smooth complete intersections of two quadrics: we compute CH 2 X/k entirely (Theorem 4.7) and deduce the rationality criterion that is our main theorem (Theorem 4.9).
Galois group of k p . If X and T are two k-schemes, we set X T := X × k T . A variety over k is a separated scheme of finite type over k. If X is a smooth proper variety over k, we let CH c (X k ) alg ⊂ CH c (X k ) be the subgroup of algebraically trivial codimension c cycle classes and define NS c (X k ) := CH c (X k )/ CH c (X k ) alg .
We use qcqs as a shorthand for quasi-compact and quasi-separated. We denote by (Sch/k) the category of qcqs k-schemes and by (Ab) the category of abelian groups. If X is a commutative k-group scheme, we let Φ X : (Sch/k) op → (Ab) be the functor given by Φ X (T ) = Hom k (T, X). The functor Φ : X → Φ X , from the category of commutative k-group schemes to the category of functors (Sch/k) op → (Ab), is fully faithful, by Yoneda's lemma and since all schemes are covered by affine (hence qcqs) open subschemes. We say that a functor (Sch/k) op → (Ab) is representable if it is isomorphic to Φ X for some commutative k-group scheme X, which need not be qcqs. The functor Z : (Sch/k) op → (Ab) sending T ∈ (Sch/k) to the group Z(T ) of locally constant maps T → Z is represented by the constant k-group scheme Z.
We refer to [SGA6, VII, Définition 1.4] for the definition of a regular immersion of schemes that we use, based on the Koszul complex. A closed immersion of regular schemes is always regular. A morphism of schemes f : X → Y is said to be a local complete intersection or lci if it can be factored, locally on X, as the composition of a regular immersion and of a smooth morphism [SGA6, VIII, Définition 1.1].
If ℓ is a prime number and M is a Z-module, we let M {ℓ} ⊂ M be the ℓ-primary torsion subgroup of M , and T ℓ (M ) :
Group schemes
We first collect various information concerning group schemes. The main new result of this section is Theorem 1.7.
Chevalley's theorem.
If G is a group scheme locally of finite type over k, we let G 0 be its identity component.
When G is smooth and connected, there is a unique short exact sequence
of group schemes over k p , where L(G kp ) is smooth, connected and affine and where A(G kp ) is an abelian variety. This statement has been proved by Chevalley [Che60] , see [Con02, Theorem 1.1] for a modern proof.
Principal polarizations.
Recall that a principal polarization on an abelian variety A over k p is an ample class θ ∈ NS(A k ) Γ k whose associated isogeny A k →Â k is an isomorphism, that a principally polarized abelian variety over k p is a product of indecomposable principally polarized abelian varieties over k p , and that the factors of this decomposition are unique as subvarieties of A (see [BW19, §2.1]). We define a principal polarization of a smooth group scheme G over a field k to be a principal polarization of the abelian variety A(G 0 kp ) over k p . If G is endowed with a principal polarization θ, we say that a smooth subgroup scheme H ⊂ G is a principally polarized direct factor of G if there exists a subgroup scheme
1.3. Locally constant functions. For a variety X over k, consider the functor
Equivalently Z X/k is the push-forward of the constant sheaf Z by the structural morphism X → Spec(k) (and hence is an fpqc sheaf). Let π 0 (X/k) denote the étale Proof. Recall that there is a canonical faithfully flat morphism q X : X → π 0 (X/k) whose fibres are geometrically connected [DG70, §I.4, Propositions 6.5 and 6.7]. For any T ∈ (Sch/k), the resulting morphism X T → π 0 (X/k) T is surjective, has connected fibres, and is open [EGA42, Théorème 2.4.6]; therefore q X induces a bijection between the sets of connected components of X T and of π 0 (X/k) T . As a consequence, the homomorphism Z(π 0 (X/k) T ) → Z(X T ) is an isomorphism, and hence so is the morphism of functors Res π0(X/k)/k Z → Z X/k that it induces when T varies.
Remarks 1.2. (i) We will usually denote by Z X/k , rather than by Res π0(X/k)/k Z, the group scheme that Z X/k represents.
(ii) Proposition 1.1 shows that a morphism p : X ′ → X of varieties over k that induces a bijection at the level of geometric connected components gives rise to an isomorphism Z X/k ∼ −→ Z X ′ /k . 1.4. Picard schemes. The absolute Picard functor of a proper variety X over k is
→ Pic(X T ).
Beware that our notation differs slightly from that of [Kle05, §9.2]. If τ ∈ {Zar,ét, fppf}, let Pic X/k,τ be the sheafification of Pic X/k for the corresponding (Zariski, étale or fppf) topology. The functors Pic X/k,ét and Pic X/k,fppf are equal [BLR90, 8.1 p. 203], coincide with T → Pic X/k,Zar (T ) = Pic(X T )/ Pic(T ) if X is integral and k = k (apply [Kle05, Theorem 9.2.5]), and are in any case represented by a group scheme locally of finite type over k [BLR90, 8.2/3] which we denote by Pic X/k : the Picard scheme of X.
1.4.1. Picard schemes of blow-ups. In §1.4.1, we consider the following situation. We fix a regular closed immersion i : Y → X of qcqs schemes of pure codimension c ≥ 2, we let p :
§1.2]). In this setting, we study the group morphism
Proposition 1.3. Under the hypotheses of §1.4.1, the map (1.2) is bijective.
Proof. By absolute noetherian approximation [TT90, Theorem C.9] and the limit arguments of [EGA43, §8], we may assume that X is noetherian.
is locally free and its formation commutes with base change by [Har77, III, Theorems 8.8 and 12.11]). Since
is trivial on the fibers of p, and that ψ is the unique function with this property. It remains to show that p * : Pic(X) → Pic(X ′ ) is injective with image the subgroup of line bundles that are trivial on the fibers of p. The injectivity follows from [Tho93, Lemme 2.3 (a)], and the description of the image from Lemma 1.4 (iii) below.
Lemma 1.4. Under the hypotheses of §1.4.1, assume that X is noetherian, and let N be a line bundle on
Then: (i) For all i ≥ 1 and n ≥ 0, the sheaf R i p * (N (n)) vanishes.
(ii) For all n ≥ 0, the natural morphism p * p * (N (n)) → N (n) is surjective. (iii) The sheaf p * N is invertible and p * p * N → N is an isomorphism.
Proof. By [Har77, III, Theorem 8.8 (c)], assertion (i) holds for n ≫ 0. To prove (i) for all n ≥ 0 by descending induction on n, we consider for i ≥ 1 the exact sequence 
in which the exactness of the upper row follows from the vanishing of R 1 p * (N (n)) proved in (i), and notice that p * p * (N (n − 1)| Y ′ ) → N (n − 1)| Y ′ is surjective for n ≥ 1 by cohomology and base change [Har77, III, Theorem 12.11].
To prove (iii), we work Zariski-locally around a point x ∈ X. In view of (ii) for n = 0, we can assume after shrinking X the existence of a section σ ∈ H 0 (X ′ , N ) that does not vanish identically on Proposition 1.6. Let C be a proper curve over k and let C ′ := C red be the normalization of its reduction. Then there is a short exact sequence (i) C is smooth over k (in which case Pic 0 C/k is an abelian variety); (ii) the normalization D of C red kp has genus 0 (in which case Pic 0 C/k is affine).
Proof. The group scheme Pic 0 C/k is an abelian variety in case (i) by [BLR90, 9.2/3] and is affine in case (ii) in view of (1.4). Let us assume that C is not smooth, that D has genus ≥ 1, that Pic 0 C/k is the product of an abelian variety and of an affine group scheme over k, and let us seek a contradiction. We first apply the following result of Tanaka [Tan18] to the k-variety C: Lemma 1.8. If C is an integral variety over k, there exist m ≥ 1, and sequences of finite purely inseparable field extensions k = k 0
Proof. Set k 0 = k 0 1 := k and define C 1 to be the normalization of C. Applying [Tan18, Lemma 4.1] to the variety C 1 over k 0 1 , we construct k 0 i , k i and C i for 1 ≤ i ≤ m − 1 satisfying (i) and (ii), and such that C m−1 is geometrically reduced as a k m−1 -variety. To conclude, we choose a finite inseparable extension k 0 m = k m of k m−1 such that the normalization C m of C m−1 × km−1 k 0 m is geometrically normal as a k m -variety (such an extension exists by the proof of [Sch09, Lemma 1.2]).
Keeping the notation introduced in the above lemma, we claim that if Pic 0 Ci/k 0 i is the product of an abelian variety and of an affine group scheme G i over k 0 i for some 0 ≤ i ≤ m, then k i = k 0 i . To see it, we argue as follows. For all T ∈ (Sch/k 0 i ), pull-back induces an equivalence between the categories of étale T -schemes and of étale T × k 0 i k i -schemes [SGA1, IX, Théorème 4.10]. It follows at once that the natural morphism 
showing that the kernel of ν * i : Pic 0
i is moreover surjective as a map of étale sheaves by Lemma 1.9 below, we see that Pic 0 Ci/k 0 i is a product of A i and of a quotient of G i , which concludes the induction.
Let i be the largest element of {0, . . . , m} such that C i is not smooth over k i and note that i < m since C m is smooth over k m . Then C i+1 , that is the normalization of C i × ki k i+1 , is smooth over k i+1 . By Lemma 1.10 below applied to the curve C i × ki k i+1 over k i+1 , it is not possible that Pic 0 Ci/ki is the product of an abelian variety and of an affine group scheme over k i , which is a contradiction. Lemma 1.9. Let C be a proper integral curve over k, and let ν : C → C be its normalization. Then the pull-back ν * : Pic C/k → Pic C/k is surjective as a morphism of étale sheaves.
Proof. We adapt the proof of [BLR90, 9.2/9]. Consider the natural short exact sequence 0 → G m → ν * G m → Q → 0 of sheaves on the big étale site of C. Pushing it forward by the structural morphism f : C → Spec(k) yields a short exact sequence Pic C/k,ét → Pic C/k,ét → R 1 f * Q of sheaves on the big étale site of Spec(k). Since Q vanishes in restriction to the regular locus of C, that is the complement of finitely many points of C, one has R 1 f * Q = 0, which proves the lemma.
Lemma 1.10. Let C be a proper integral curve over k that is not normal but whose normalization is smooth over k and has genus ≥ 1. Then Pic 0 C/k is not the product of an abelian variety and of an affine group scheme over k.
Proof. We may assume that k = k. Let ν : C → C be the normalization of C. The proper morphism ν cannot be injective and immersive, as it would then be a surjective closed immersion, hence an isomorphism since C is reduced.
Assume for contradiction that Pic 0 C/k is the product of an abelian variety A and of an affine group scheme over k (necessarily smooth since so is Pic 0 C/k ). By (1.4), the pull-back ν * : Pic 0 C/k → Pic 0 C/k identifies A with Pic 0 C/k . We deduce the existence of a section σ : . Since C has genus ≥ 1, we deduce from [Mil86, Propositions 6.1 and 2.3] that φ • ν is a closed immersion, which contradicts the fact that ν is not injective or not immersive.
Remark 1.11. Theorem 1.7 applies to integral curves that may not be geometrically reduced. It would however fail in general for irreducible but non-reduced curves, as the following example shows. Let E be an elliptic curve over k, and let L be an ample line bundle on E. Define C := Proj E (O E ⊕ L), where sections of L square to 0. The natural closed immersion i : E = C red → C then induces an isomorphism i * : Pic 0
Indeed, in view of (1.4), it suffices to show that the kernel of (i * ) kp has trivial tangent space at identity, which follows from the fact that the pull-back i * :
If X is a smooth projective variety over k, Murre defines an algebraic representative for algebraically trivial codimension 2 cycles on X k to be an abelian variety Ab 2 (X k ) over k endowed with a morphism (1.5) φ 2 X : CH 2 (X k ) alg → Ab 2 (X k )(k) that is initial among regular homomorphisms with values in an abelian variety (see [Mur85, Definition 1.6.1, §1.8]). It is obviously unique up to a unique isomorphism, Murre has shown its existence (see [Mur85, Theorem A p. 226] and [Kah18] ), and Achter, Casalaina-Martin and Vial have shown that it descends uniquely to an abelian variety Ab 2 (X kp ) over k p in such a way that (1.5) is Γ k -equivariant [ACMV17, Theorem 4.4]. If X is a smooth projective k-rational threefold over k, we endow Ab 2 (X kp ) with the principal polarization θ X ∈ NS 1 (Ab 2 (X k )) Γ k constructed in [BW19, Property 2.4, Corollary 2.8].
1.6. Representability lemmas. Here are two easy lemmas to be used later.
represented by a group scheme locally of finite type over k, then so is F .
Proof. Let G be the group scheme that F × F ′ represents and let µ : G → G be the morphism induced by the endomorphism (x, y) → (0, y) of F × F ′ . Then F is represented by Ker(µ), which is a group scheme locally of finite type over k.
Lemma 1.13. Let G be a commutative group scheme locally of finite type over k.
is represented by a group scheme locally of finite type over k.
Proof. Translation by ν(n) for n ∈ Z induces an action of the group Z on the set of connected components of G. Choose one connected component of G in each orbit of this action. Their disjoint union represents Q.
K-theory functors
We now define and study several functors (Sch/k) op → (Ab) built from K-theory. Our goal, met in §2.3.2, is to define, for a smooth projective k-rational threefold X over k, a functor CH 2 X/k,fppf : (Sch/k) op → (Ab) that will serve as a substitute for its intermediate Jacobian.
2.1. K-theory. We follow the conventions of [SGA6, TT90].
2.1.1. Definition. If X is a qcqs scheme, we let K 0 (X) be the Grothendieck group of the triangulated category of perfect complexes of O X -modules. (This group is denoted by K · (X) in [SGA6, IV, Définition 2.2] and coincides with the one defined in [TT90, §3.1], as indicated in [TT90, §3.1.1].) We endow K 0 (X) with the ring structure induced by the tensor product ([SGA6, IV, §2.7 b)], [TT90, §3.15]).
If X admits an ample family of line bundles [TT90, §2.1.1] (for instance, if X is quasi-projective over an affine scheme [TT90, §2.1.2 (c)]), then K 0 (X) is naturally isomorphic to the Grothendieck group of the exact category of vector bundles on X (combine [TT90, Corollary 3.9] and [TT90, Theorem 1.11.7]).
The derived pull-back Lf * of perfect complexes along f induces a morphism
The derived push-forward Rf * induces a morphism f * : 
for all x ∈ K 0 (X) and y ∈ K 0 (Y ).
2.1.3. Rank and determinant. The rank rk : K 0 (X) → Z(X) and the determinant det : K 0 (X) → Pic(X) are group homomorphisms that are functorial with respect to pull-backs and are such that if x ∈ K 0 (X) is represented by a bounded complex of vector bundles on X, then rk(x) is the alternating sum of the ranks of its terms and det(x) is the alternating tensor product of the determinants of its terms (see [KM76, Theorem 2 p. 42]). We define SK 0 (X) to be the kernel of (rk, det) : K 0 (X) → Z(X) × Pic(X).
Projective bundles and blow-ups.
If X is a qcqs scheme and π : P X E → X is the projective bundle associated with a vector bundle E of rank r on X, the morphism K 0 (X) r → K 0 (P X E) given by the formula
is an isomorphism of K 0 (X)-modules [Tho93, Théorème 2.1].
2.1.5. Coherent sheaves. If X is a qcqs scheme, we let G 0 (X) be the Grothendieck group of the triangulated category of pseudo-coherent complexes of O X -modules with bounded cohomology. (This group is denoted by
When X is noetherian, the group G 0 (X) is naturally isomorphic to the Grothendieck group of the abelian category of coherent O X -modules [SGA6, IV, §2.4]. In this case, letting F d G 0 (X) ⊂ G 0 (X) be the subgroup generated by classes of coherent sheaves whose support has dimension ≤ d [SGA6, X, Définition 1.1.1] defines a filtration F • on G 0 (X).
If X is noetherian and regular, the natural morphism K 0 (X) → G 0 (X) is an isomorphism [TT90, Theorem 3.21]. This allows to speak of the class of a coherent O X -module in K 0 (X), and of the filtration F • K 0 (X) by dimension of the support.
If X is a smooth variety of pure dimension n over k, we use the notation
. As explained in [Ful98, Example 15.3.6], the Riemann-Roch theorem without denominators shows that ϕ 0 , ϕ 1 and ϕ 2 are isomorphisms, with inverses given by the rank rk, the determinant det and the opposite −c 2 of the second Chern class. In particular, F 2 K 0 (X) = SK 0 (X). Lemma 2.1. Let f : X → Y be a morphism of smooth varieties over k. There exists a commutative diagram
Since the morphisms ϕ 2 are bijective with inverse given by −c 2 , and since the second Chern class is functorial, we see that
2.2. The functor K 0,X/k and its sheafifications.
The rank and the determinant (see §2.1.3) give rise to morphisms of functors rk : K 0,X/k → Z X/k and det : K 0,X/k → Pic X/k . We let SK 0,X/k be the kernel of (rk, det) : K 0,X/k → Z X/k × Pic X/k . If τ ∈ {Zar,ét, fppf}, we let K 0,X/k,τ (resp. SK 0,X/k,τ ) be the sheafification of K 0,X/k (resp. SK 0,X/k ) for the corresponding (Zariski, étale, fppf) topology.
Remark 2.2. We do not know whether K 0,X/k,ét and K 0,X/k,fppf coincide.
2.2.2.
Functoriality. Let f : X → Y be a morphism of proper varieties over k.
The pull-backs (f T ) * for T ∈ (Sch/k) induce a natural transformation of functors
Similarly, if f : X → Y is a perfect (for instance lci) morphism of proper varieties over k, the push-forwards (f T ) * for T ∈ (Sch/k) (which exist by §2.1.2 since f T is perfect by [SGA6, III, Corollaire 4.7.2]) induce a natural transformation of functors f * : K 0,X/k → K 0,Y /k , by the base change theorem [Lip09, Theorem 3.10.3] (which can be applied since f T : 
Proof. It suffices to prove the proposition for τ = Zar. The commutation of K 0 and Pic with directed inverse limits of qcqs schemes with affine transition maps (see [TT90, Proposition 3 .20] and [EGA43, §8.5]), applied to the system of affine neighbourhoods of a point in a qcqs k-scheme, shows that it suffices to prove the bijectivity of (rk, det) :
By absolute noetherian approximation [TT90, Theorem C.9], we can write T as the limit of a directed inverse system (T i ) i∈I of noetherian k-schemes with affine transition maps. Replacing the T i by their localizations at the images of the closed point of T , we may assume that they are local. A limit argument as above then shows that we may assume T to be noetherian. This case follows from Lemma 2.5 below applied to the connected components of X T . Lemma 2.5. Let π : Y → T be a projective morphism with T local noetherian, Y non-empty and connected, and fibers of dimension ≤ 1. Then the morphism (rk, det) :
Proof. The surjectivity of (rk, det) is obvious and we prove its injectivity.
As explained in §2.1.1, K 0 (Y ) is generated by classes of vector bundles on Y . Lemma 2.6 below and induction on the rank of vector bundles show that it is even generated by classes of line bundles on Y . Let L and M be two line bundles on Y . Applying Lemma 2.6 to the vector bundles L ⊕ M and O Y ⊕ (L ⊗ M) with the same l ≫ 0 and with the same very ample line bundle
. This identity and the fact that K 0 (Y ) is generated by line bundles implies that
. This shows at once the required injectivity.
Lemma 2.6. In the setting of Lemma 2.5, there exists a π-ample line bundle O Y (1) on Y with the following property. For all vector bundles E of rank ≥ 2 on Y and all l ≫ 0, there exists a short exact sequence of vector bundles on Y that reads
, we may assume the existence of a section α ∈ H 0 (Y t , O Yt (1)) that vanishes at only finitely many points. The same argument yields, for some m ≥ 0, a section β ∈ H 0 (Y t , E Yt (m)) that vanishes at only finitely many points. Let B ⊂ Y t be a finite subset meeting every irreducible component of Y t and such that αβ does not vanish at any point of B.
is surjective for n ≫ 0, we can choose n ≥ 0 and a section γ ∈ H 0 (Y t , E Yt (n)) such that αβ and γ are linearly dependent at only finitely many points of Y t . Let C ⊂ Y t be this finite set of points.
Choose
Since π is proper and T is local, σ does not vanish on Y , thus giving rise to a short exact sequence of the form (2.6).
Remark 2.7. If the residue field of T is infinite, the proof of Lemma 2.6 can be simplified as one can apply [Kle69, Corollary 3.6] on Y t to construct τ .
Projective bundles and blow-ups.
If X is a proper variety over k and if E is a vector bundle of rank r on X, the formula (2.2) induces an isomorphism of functors
In view of the isomorphism rk :
Let X be a proper variety over k and i : Y → X be a regular closed immersion of pure codimension c ≥ 1. Define p : X ′ → X to be the blow-up of X along Y with exceptional divisor Y ′ , and p ′ : Y ′ → Y and i ′ : Y ′ → X ′ to be the natural morphisms. Then the formula (2.3) induces an isomorphism of functors
in view of the functorialities described in §2.2.2.
2.3. The functor CH 2 X/k,fppf . We introduce, for a smooth proper geometrically connected threefold X over k with geometrically trivial Chow group of zero-cycles, the functor CH 2 X/k,fppf . It will play for codimension 2 cycles the same role as the Picard functor Pic X/k,fppf does for codimension 1 cycles.
2.3.1. The class of a point. We first exhibit a canonical class ν X ∈ K 0,X/k,fppf (k).
Proposition 2.8. Let X be a smooth proper geometrically connected variety over k whose degree map deg :
There exists a unique ν X ∈ K 0,X/k,τ (k) such that for all finite extensions k ′ of k and all coherent sheaves F on X k ′ whose support has dimension 0, one has 
where the morphisms ϕ n are defined in §2.1.5.
Assume first that τ = fppf. Let {x 1 , . . . , x n } be the Gal(l/k)-orbit of x. Since deg : CH 0 (X k ) ∼ −→ Z is an isomorphism, there exists a finite extension l ′ of l such that the x i all have the same class in CH 0 (X l ′ ). Since Spec(l ′ ) → Spec(l) is an fppf covering, we deduce from (2.10) that ϕ n ([x]) ∈ K 0,X/k,τ (l) is Gal(l/k)-invariant, hence descends to a class ν X ∈ K 0,X/k,τ (k) since Spec(l) → Spec(k) is an étale covering. Applying (2.9) with k ′ = l and F = O x shows that this is the only possible choice for ν X and proves the uniqueness assertion of Proposition 2.8.
Let us now show that ν X satisfies (2.9). Let k ′ be a finite extension of k and let F be a coherent sheaf on X k ′ whose support has dimension 0. Let l ′ be a finite extension of k containing both k ′ and l, with the property that all the points in the support of F l ′ have residue field l ′ , and are rationally equivalent to x (such an l ′ exists since deg :
is an fppf covering, identity (2.9) follows.
If τ =ét (resp. τ = Zar), all the fppf (resp. fppf or étale) coverings that appear above are étale (resp. Zariski) coverings, proving the proposition in these cases.
2.3.2.
Codimension 2 cycles on a threefold. Let us fix in §2.3.2 a smooth proper geometrically connected threefold X over k whose degree map deg : CH 0 (X Ω ) → Z is an isomorphism for all algebraically closed field extensions k ⊂ Ω (this assumption is satisfied if X is k-rational).
Choose τ ∈ {Zar,ét, fppf}, and assume that k = k if τ = Zar and that k = k p if τ =ét, so that Spec(l) → Spec(k) is a τ -covering for any finite extension l of k. Let ν X ∈ K 0,X/k,τ (k) be the class defined in Proposition 2.8. If x ∈ X(l) for some finite extension l of k, then (rk, det)([O x ]) = (0, O X ) (see §2.1.5). In view of (2.9), one therefore has ν X ∈ SK 0,X/k,τ (k) ⊂ SK 0,X/k,τ (l).
We still denote by ν X the morphism of τ -sheaves ν X : Z → SK 0,X/k,τ such that ν X (1) = ν X . We view ν X as a morphism of presheaves of abelian groups. Definition 2.9. We let CH 2 X/k,τ : (Sch/k) op → (Ab) be the (presheaf) cokernel of ν X : Z → SK 0,X/k,τ . When CH 2 X/k,fppf is representable, we let CH 2 X/k be the group scheme over k that represents it.
Remark 2.10. Let k ′ /k be a field extension. There is an obvious identification K 0,X k ′ /k ′ (T ) = K 0,X/k (T ) for all T ∈ (Sch/k ′ ). We thus obtain natural isomorphisms K 0,X k ′ /k ′ ,τ (T ) = K 0,X/k,τ (T ), SK 0,X k ′ /k ′ ,τ (T ) = SK 0,X/k,τ (T ) and CH 2 X k ′ /k ′ ,τ (T ) = CH 2 X/k,τ (T ) for all T ∈ (Sch/k ′ ) and τ ∈ {Zar,ét, fppf}. In particular, if CH 2 X/k,fppf is representable, so is CH 2 X k ′ /k ′ ,fppf , and CH 2 X k ′ /k ′ = (CH 2 X/k ) k ′ . The following proposition justifies these definitions.
Proposition 2.11. Associating with the class
Proof. In view of (2.9), one has a natural isomorphism
The next lemma will be used in the proof of Theorem 3.1 (iv).
Lemma 2.12. Let T be a smooth connected variety over k.
(i) For all α ∈ CH 2 (X T ), there exists a class β ∈ SK 0 (X T ) with the property that for all t ∈ T (k), the image of α| Xt by (2.11) is induced by β| Xt . (ii) For all β ∈ SK 0 (X T ), there exists a class α ∈ CH 2 (X T ) with the property that for all t ∈ T (k), the image of α| Xt by (2.11) is induced by β| Xt .
Proof. (i) We can assume that α is the class of an integral subvariety Z ⊂ X T of codimension 2. Define β := [O Z ] ∈ SK 0 (X T ). By the Riemann-Roch theorem without denominators, one has α = −c 2 (β) (see §2.1.5). For t ∈ T (k), one has α| Xt = −c 2 (β| Xt ). Applying the Riemann-Roch theorem without denominators again shows that the image of α| Xt by (2.11) is the class induced by β| Xt .
(ii) Define α = −c 2 (β) ∈ CH 2 (X T ) and argue as in (i).
Geometrically rational threefolds
In Section 3, we prove the representability of the functor CH 2 X/k,fppf defined in §2.3.2 if X is a smooth projective k-rational threefold, and study the group scheme CH 2 X/k that represents it. 3.1. Main statement. Our goal is the following theorem.
Theorem 3.1. Let X be a smooth projective k-rational threefold over k. Then:
(i) CH 2 X/k,fppf is represented by a smooth group scheme CH 2 X/k over k.
obtained by combining (iii) and (2.11) restricts to a Γ k -equivariant bijective regular homomorphism (in the sense of §1.5)
, which is finitely generated as an abelian group. (vi) The isomorphism (3.2) induces an isomorphism Ab 2 (X kp ) ∼ −→ (CH 2 X kp /kp ) 0 (where Ab 2 (X kp ) denotes Murre's intermediate Jacobian, introduced in §1.5).
We endow CH 2 X/k with the principal polarization (in the sense of §1.2) induced by the principal polarization θ X of Ab 2 (X kp ) (see §1.5).
(vii) If X is k-rational, there exists a smooth projective curve B over k such that CH 2 X/k is a principally polarized direct factor of Pic B/k (in the sense of §1.2). The proof of Theorem 3.1 will be given in §3.2. Theorem 3.1 is complemented by a computation of CH 2 X/k for varieties constructed as blow-ups in §3.3, and by an analysis of the obstructions to k-rationality arising from Theorem 3.1 (vii) in §3.4.
Remarks 3.2. (i) Let X be a smooth projective variety over k. As recalled in §1.5, Achter, Casalaina-Martin and Vial have endowed Ab 2 (X k ) with a natural k p -structure. If X is moreover a k-rational threefold, Theorem 3.1 (vi) further endows Ab 2 (X k ) with a natural k-structure (CH 2 X/k ) 0 . Trying to descend Ab 2 (X k ) to k under more general hypotheses gives an incentive to define CH 2 X/k,fppf and to prove its representability in a greater generality.
(ii) For instance it would be nice to define and study a functor CH 2 X/k,fppf for all smooth proper varieties X over k such that CH 0 (X) Q is supported in dimension 1 (in the sense of [BW19, Definition 2.1]). If a good enough theory of motivic cohomology H * M over a field of characteristic p > 0 were available without having to invert p in the coefficients, a natural choice would be the fppf sheafification of the functor T → H 4 M (X T , Z(2)). (iii) Even with our definition of CH 2 X/k,fppf , it would be interesting to show the representability of CH 2 X/k,fppf under the hypothesis, weaker than k-rationality, that X is a smooth, proper and geometrically connected threefold over k such that deg : CH 0 (X Ω ) ∼ −→ Z is an isomorphism for all algebraically closed field extensions k ⊂ Ω. We note, however, that it is the proof of representability that we give here, and which is specific tok-rational threefolds, that yields the crucial Theorem 3.1 (vii) and thus provides obstructions to k-rationality.
(iv) We still denote by θ X the principal polarization of CH 2 X/k induced by that of Ab 2 (X kp ), as in Theorem 3.1 (vi). For later use in the proof of Theorem 4.7, we extract a characterization of θ X from [BW19, §2.3] and from the definition of the isomorphism (3.2). Let ℓ be a prime number invertible in k. Consider the Remark 3.4. If k is not perfect, the subschemes Z j ⊂ Y j may not be smooth over k.
3.2.2.
Representability if X is k-rational. In §3.2.2, we fix τ ∈ {Zar,ét, fppf} and assume that k = k if τ = Zar and that k = k p if τ =ét. We also let X be a smooth projective k-rational threefold. By Proposition 3.3, there exists a diagram (3.3) with Y = P 3 k . Remark 1.2 (ii), Corollary 1.5 and the isomorphism (2.8) then give canonical decompositions 
The morphisms p j are lci by [Tho93, §1.2], hence so is the structural morphism X ′ → Spec(k) by [SGA6, VIII, Proposition 1.5]. Any closed embedding X ′ ֒→ P N X of the X-scheme X ′ is a regular immersion by [SGA6, VIII, Proposition 1.2], which shows that h is lci, hence perfect [SGA6, VIII, Proposition 1.7]. The functors h * : K 0,X/k → K 0,X ′ /k and h * : K 0,X ′ /k → K 0,X/k satisfy h * • h * = Id by Proposition 2.3 (ii). Since they restrict to h * : SK 0,X/k → SK 0,X ′ /k and to h * : SK 0,X ′ /k → SK 0,X/k (see Proposition 2.3 (i)), we deduce a natural decomposition
The three summands of the right-hand side of (3.7) are represented by group schemes locally of finite type over k, respectively by §2.2.4, by §1.4 and by Proposition 1.1. It follows that SK 0,X ′ /k,τ is represented by a group scheme locally of finite type over k. So is SK 0,X/k,τ , by (3.8) and Lemma 1.12.
Let x ′ ∈ X ′ (k) be a general point, and let x ∈ X(k) and y ∈ P 3 (k) be its images by h and by p 1 • · · · • p N . Then h *
. For n = 0, the class ν P 3 k (n) does not belong to the identity component of SK 0,P 3 k /k,τ , by §2.2.4. We deduce from the above and from (3.7) that n[O x ′ ] / ∈ (SK 0,X ′ /k,τ ) 0 (k), hence that ν X (n) / ∈ (SK 0,X/k,τ ) 0 (k).
Lemma 1.13 then shows that CH 2 X/k,τ is represented by a group scheme locally of finite type over k.
Applying the above with τ = fppf and combining (3.7), (3.8) and the equality
of smooth group schemes over k, where G denotes the group scheme representing the fppf sheafification of Ker h * : SK 0,X ′ /k → SK 0,X/k whose existence follows from Lemma 1.12, and where CH 2 X ′ /k denotes the group scheme representing Coker h * • ν X : Z → SK 0,X ′ /k,fppf whose existence follows from Lemma 1.13.
3.2.3.
Representability if X is k-rational. In §3.2.3, we prove Theorem 3.1 (i)-(iii) for a smooth projective k-rational threefold X over k.
Choose τ ∈ {Zar,ét, fppf} and assume that k = k if τ = Zar and that k = k p if τ =ét. Let l be a finite extension of k such that X is l-rational. Then SK 0,X l /l,τ is represented by a group scheme locally of finite type over l by the arguments of §3.2.2 applied to the l-variety X l . The natural descent datum on X l with respect to the fppf covering Spec(l) → Spec(k) induces a descent datum on the functor SK 0,X l /l , hence on the representable functor SK 0,X l /l,τ . The latter descent datum is effective by [SGA1, VIII, Corollaire 7.6] and [Ray70, Corollaire VI 2.6] (see also the proof of [Mur64, Lemma I.8.6]), hence SK 0,X l /l,τ descends to a group scheme G over k, which is locally of finite type over k as a consequence of [SGA1, VIII, Proposition 3.3]. Since SK 0,X/k,τ is a τ -sheaf and Spec(l) → Spec(k) is a τ -covering, SK 0,X/k,τ is represented by G.
As explained in §3.2.2, the morphism ν X : Z → SK 0,X/k,τ defined in §2.3.2 has the property that ν X (n) / ∈ (SK 0,X/k,τ ) 0 (k) for all n = 0. It follows from Lemma 1.13 that CH 2 X/k,τ is represented by a group scheme locally of finite type over k.
Proof of Theorem 3.1 (i)-(iii). Applying the above argument to the k-variety X with τ = fppf, to the k p -variety X kp with τ =ét, and to the k-variety X k with τ = Zar shows that the three functors CH 2 X/k,fppf , CH 2 X kp /kp,ét and CH 2 X k /k,Zar are represented by group schemes locally of finite type over k, over k p and over k, respectively. In particular, the latter two are sheaves for the fppf topology, which proves Theorem 3.1 (iii). In addition, the arguments of §3.2.2 applied to the k-variety X k show that (CH 2 X k /k ) 0 is a direct factor of a product of Jacobians of smooth projective curves over k (see (3.9)), hence is an abelian variety; in particular, it is smooth. As ((CH 2 X/k ) 0 ) k = (CH 2 X k /k ) 0 , Theorem 3.1 (i)-(ii) follows.
Relation with Murre's work. We now prove Theorem 3.1 (iv)-(vi).
Proof of Theorem 3.1 (iv). That ψ 2 X (CH 2 (X k ) alg ) ⊂ ((CH 2 X/k ) 0 (k)), and that the resulting morphism ψ 2 X : CH 2 (X k ) alg → (CH 2 X/k ) 0 (k) is a regular homomorphism follow at once from Lemma 2.12 (i). It remains to show that (3.2) is surjective.
Since CH 2 X k /k represents CH 2 X k /k,Zar by Theorem 3.1 (iii), we can choose a connected Zariski neighbourhood T of the identity in (CH 2 X k /k ) 0 and a class β ∈ SK 0 (X T ) inducing the natural inclusion T → CH 2 X k /k . Lemma 2.12 (ii) then implies that T (k) is contained in the image of (3.2). Since (CH 2 X/k ) 0 (k) is generated by T (k) as a group, we have proved the surjectivity of (3.2). 3.1 (v) . That the étale k-group scheme (CH 2 X/k )/(CH 2 X/k ) 0 corresponds to the Γ k -module NS 2 (X k ) follows at once from (3.1) and (3.2).
Proof of Theorem
Applying the discussion of §3.2.2, and more precisely identity (3.9), to the k-variety X k , shows, in view of the isomorphism CH 2 P 3 k /k ≃ Z (see §2.2.4), that NS 2 (X k ) finitely generated as a direct factor of a finitely generated group.
Proof of Theorem 3.1 (vi). The regular homomorphism (3.2) induces a morphism
2) is Γ k -equivariant, and in view of the definition of Ab 2 (X kp ) recalled in §1.5, this morphism descends by Galois descent to a morphism ι X kp : Ab 2 (X kp ) → (CH 2 X kp /kp ) 0 of abelian varieties over k p . To prove that ι X kp is an isomorphism, it suffices to prove that ι X k is an isomorphism.
From now on, we may thus assume that k = k. By Proposition 3.3, there exists a diagram (3.3). Since k = k, all the varieties Z j and Y j that appear in it are smooth over k. Consider the diagram (3.10)
where the lower horizontal isomorphism is induced by (3.7) and the upper horizontal isomorphism is the one provided by [BW19, Lemma 2.10]. Since CH 2 (P 3 k ) alg = 0, one has Ab 2 (P 3 k ) = (CH 2 P 3 k /k ) 0 = 0 and the left vertical arrow of (3.10) is an isomorphism. We claim that (3.10) commutes. Since k = k, it suffices to verify that it commutes at the level of k-points, which follows from unwinding the definitions and making use of Lemma 2.1. A glance at (3.10) now shows that ι X ′ is an isomorphism. Now, consider the diagram (3.11) .11) shows that ι X is an isomorphism since ι X ′ is one, which concludes the proof.
Further analysis of k-rational varieties.
We resume the discussion of §3.2.2 with τ = fppf, and keep the notation introduced there. Since CH 2 P 3 k /k ≃ Z by §2.2.4, identity (3.9) reads:
The identity component of the right-hand side is isomorphic to cj =2 Pic 0 Zj /k , hence it carries a natural principal polarization (see §1.4.2). Via (3.12), we thus obtain a principal polarization on CH 2 X ′ /k in the sense of §1.2.
Proposition 3.5. The isomorphism (3.12) realizes CH 2 X/k and G as principally polarized direct factors, in the sense of §1.2, of CH 2 X ′ /k , and the induced polarization on CH 2 X/k coincides with the one defined in Theorem 3.1 (vi). Proof. We fix once and for all a prime number ℓ invertible in k and start with a few recollections about (Borel-Moore) ℓ-adic étale homology. If V is a variety over k, the i-th étale homology group of V with coefficients in Q ℓ (j) is defined by
. This group is covariantly functorial with respect to proper morphisms (loc. cit., §4) and comes with a cap product operation
cit., p. VIII-09), and with a cycle class map cl :
§1.5]), so that cl([V ]) ∈ H 2n (V, Q ℓ (−n)). If in addition V is smooth, the map
is an isomorphism for all i, j (see [Lau76, Prop. 3.2]). Thus, given a proper morphism f : V ′ → V from a variety V ′ of pure dimension n ′ to a smooth variety V of pure dimension n, one can define a push-forward in étale cohomology
When V is a proper variety over k of pure odd dimension n, we will speak of the "cup product pairing on H n (V, Q ℓ ((n+ 1)/2))" to refer to the pairing H n (V, Q ℓ ((n + 1)/2)) × H n (V, Q ℓ ((n + 1)/2)) → Q ℓ (1) induced by the cup product and by the push-forward map H 2n (V, Q ℓ (n+ 1)) → Q ℓ (1) along the structural morphism V → Spec(k) (see (3.14)).
Lemma 3.6. Let f : D → V be a morphism between projective varieties over k, where D has pure dimension d and V has pure dimension d + 1, for some (2) ) respectively denote the Kummer isomorphism and Bloch's ℓ-adic Abel-Jacobi map. Then the diagram
commutes, where the right-hand side vertical arrow is the map (3.14) and the left-hand side vertical arrow is induced by the composition of the canonical map
We stress that D is not assumed to be reduced in Lemma 3.6.
Proof. Let K 0 (D) = Ker(rk : K 0 (D) → Z) and Gr 1 γ K 0 (D) = K 0 (D)/SK 0 (D) (a piece of notation justified by the fact that SK 0 (D) and K 0 (D) form the beginning of the γ-filtration on K 0 (D)). As the canonical map
and it suffices to prove the commutativity of the diagram
without the dotted arrow. We note that the leftmost horizontal arrows of (3.16) are isomorphisms; their inverses are induced by the map ϕ 2 : CH 2 (V ) → Gr 2 F of (2.4) and by the map Pic(D) → Gr In general, let us choose a family (D j ) j∈J of smooth projective varieties of pure dimension d, and for each j ∈ J, a morphism ν j : D j → D and an element n j ∈ Z ℓ , such that the equality of d-cycles with coefficients in Z ℓ
holds. When dim(D) ≤ 2 (which will be the case when we apply the lemma), one can choose the D j to be desingularisations of the irreducible components of D red and the n j to be the multiplicities, in D, of these irreducible components. In arbitrary dimension, such D j , ν j and n j exist by the Gabber-de Jong alteration theorem [IT14, Theorem 2.1] applied to the irreducible components of D red .
For j ∈ J, let f j = f • ν j : D j → V . As D j is smooth, we have already seen that the outer square of (3.16) with D and f replaced with D j and f j commutes. In order to show that the outer square of (3.16) itself commutes, it therefore suffices, by the contravariant functoriality of the lower row of (3.16), to check the equality f * = j∈J n j f j * • ν * j of maps V ℓ (Gr 1 γ K 0 (D)) → V ℓ (Gr 2 F K 0 (V )) and the same equality of maps H 1 (D, Q ℓ (1)) → H 3 (V, Q ℓ (2)). Let us set Gr F i G 0 (D) = F i G 0 (D)/F i−1 G 0 (D) and denote by κ D : Gr 1 γ K 0 (D) → Gr F d−1 G 0 (D) the map induced by the canonical map K 0 (D) → G 0 (D). Coming back to the definition of f * in the two contexts, we now see that it is enough to check the equalities
The K 0 (D)-module structure of G 0 (D) induces for any i a cap product operation Gr γ Let us finally start the proof of Proposition 3.5. As X is smooth over k, the morphism h gives rise to a push-forward map h * :
20)
A second decomposition of the right-hand side can be obtained using the formula for the étale cohomology of the blow-up of a regularly immersed closed subscheme [Rio14, Proposition 2.7], which yields a canonical isomorphism cj =2
even though both X ′ k and (Z j ) k may fail to be regular. Let Z ′ j denote the normalization of (Z j ) red k and ν j : Z ′ j → (Z j ) k the natural morphism. The normality of Z j implies that (Z j ) k is geometrically unibranch and hence that ν j is universally bijective (see [EGA42, Proposition 6.15.6, Proposition 6.15.5]). We deduce that ν * j :
Letting L = V ℓ (A(G 0 k )), we now consider the diagram of isomorphisms
whose upper horizontal arrows are (3.20) and (3.21), whose lower horizontal arrows stem from (3.12), whose left vertical isomorphism results from Theorem 3.1 (ii) and whose lower right vertical isomorphism is the composition of the canonical
). Let m j denote the multiplicity of (Z j ) kp , i.e., the length of its generic local ring, and θ j the canonical principal polarization of Pic 0 Zj /k (see §1.4.2). 
from (ii) coincides with the one induced by Bloch's ℓ-adic Abel-Jacobi map and by the identification between
Proof. Let us consider the commutative diagram cj =2 Since the top horizontal arrow of this diagram is an isomorphism, all of the maps appearing in (3.23) have to be isomorphisms.
We note that as a consequence of the projection formula [Lau76, Proposition 4.2] and of the equality of cycles ν j * [Z ′ j ] = m j [(Z j ) k ], the top horizontal isomorphism of (3.23) transports the cup product pairing on H 1 ((Z j ) k , Q ℓ (1)) to the cup product pairing on H 1 (Z ′ j , Q ℓ (1)) multiplied by m j . As on the other hand (3.23) transports the Weil pairing on V ℓ (A((Pic 0 Zj /k ) k )) = V ℓ (Pic 0 Z ′ j /k ) (see (1.4)) to the cup product pairing on H 1 (Z ′ j , Q ℓ (1)), we see that Lemma 3.7 (i) amounts to the assertion that (3.21) transports the orthogonal sum of the cup product pairings on H 1 ((Z j ) k , Q ℓ (1)) to the opposite of the cup product pairing on H 3 (X ′ k , Q ℓ (2)). When the Z j are smooth, this is shown in [BW19, (2.7)]; the same argument applies in our setting.
. As E j pulls back, as a Cartier divisor, to D j , we deduce that
where δ j * is again defined as in loc. cit., §2.1. Similarly, recall that α j is given by
3)). Noting that the morphisms p j+1 • · · · • p N and ι ′ j are Tor-independent (indeed one has Tor A i (A/f A, B) = 0 for any i > 0, any commutative ring A, any A-algebra B and any f ∈ A such that neither f nor its image in B is a zero divisor), the base change theorem [Lip09, Theorem 3.10.3] allows us to rewrite this as
. In view of (3.28) and of the contravariant functoriality of the first row of (3.26), we deduce from Lemma 3.6 applied to h • δ j : D j → X that the square obtained by replacing, in (3.27), the left-hand side vertical arrow h * • α j with h * • α ′ j commutes. On the other hand, it follows from (3.29) that the map h *
. Now the lower horizontal map of (3.27) vanishes on V ℓ (F 3 K 0 (X k )) since it factors through c 2 ; we conclude that the square (3.27) itself commutes, and therefore so does (3.25).
Let us turn to (3.24). We introduce a desingularisation π : X ′′ → X ′ k of X ′ k (which exists by Cossart and Piltant [CP09] ) and consider the square
where γ ′′ is constructed from Bloch's ℓ-adic Abel-Jacobi map for the smooth variety X ′′ in the same way as γ for X. One verifies the commutativity of the square (3.30) by proceeding exactly as we did with (3.25), that is, by reducing to Lemma 3.6 using the diagram obtained by replacing, in (3.26), all occurrences of X with X ′′ and all occurrences of h * with π * , and using the equalities obtained by replacing, in (3.28) and (3.29) and in their proofs, α j and αé t j with π * • α j and π * • αé t j , and D j , q j , δ j with D ′′ j , q ′′ j , δ ′′ j , where D ′′ j = Z j × Yj X ′′ and where q ′′ j : D ′′ j → Z j and δ ′′ j : D ′′ j ֒→ X ′′ denote the projections. As the Z ′ j are smooth and projective, the groups H 1 (Z ′ j , Q ℓ (1)) are pure of weight −1 (in the sense of, e.g., [Jan10, §2] ). In view of the isomorphisms (3.22), we deduce that the group H 3 (X ′ k , Q ℓ (2)) is pure of weight −1 as well. On the other hand, the kernel of the right-hand side vertical map of (3.30) has weights < −1, as follows from cohomological descent and Deligne's theorem on the Weil conjectures (op. cit., §9; proper smooth hypercoverings of X ′ k that start with π exist by [dJ96, Theorem 4.1]). We deduce that the right-hand side vertical map of (3.30) is injective.
This injectivity, the commutativity of (3.30) and the commutativity of the square
together imply that (3.24) commutes. This concludes the proof of Lemma 3.7.
We resume the proof of Proposition 3.5. Consider the diagram
of isomorphisms of abelian varieties stemming from (3.12) and whose ℓ-adic Tate modules appear on the bottom line of (3.22). The product of the polarizations m j θ j on the right-hand side of (3.32) induces a polarization λ on the lefthand side (CH 2 X/k ) 0 k × A(G 0 k ) of (3.32). We view the Weil pairing of λ as a Q ℓ (1)-valued pairing on H 3 (X ′ k , Q ℓ (2)) thanks to (3.22). By Lemma 3.7 (i), it is equal to the opposite of the cup product pairing on H 3 (X ′ k , Q ℓ (2)). Since the decomposition (3.20) is orthogonal with respect to the cup product by the projection formula [Lau76, Proposition 4.2], it follows from Lemma 3.7 (ii) that λ is a product polarization on (CH 2 X/k ) 0 k × A(G 0 k ). Since the restriction of the cup product pairing on H 3 (X ′ k , Q ℓ (2)) to H 3 (X k , Q ℓ (2)) coincides with the cup product pairing on H 3 (X k , Q ℓ (2)), it follows from Lemma 3.7 (iii) that the restriction of λ to (CH 2 X/k ) 0 k is the canonical principal polarization defined in Theorem 3.1 (vi). By a theorem of Debarre [Deb96, Corollary 2], polarized abelian varieties can be written in a unique way as a product of indecomposable polarized abelian varieties. As the (A((Pic 0 Zj /k ) k ), m j θ j ) are indecomposable or trivial (since so are the (A((Pic 0 Zj /k ) k ), θ j )), we deduce the existence of a partition {j|c j = 2} = J ⊔ J ′ such that (3.32) induces isomorphisms j∈J A((Pic 0
Since λ restricts to a principal polarization on (CH 2 X/k ) 0 k , we see that m j = 1 for all the j ∈ J such that A((Pic 0 Zj /k ) k ) is non-zero. Thus, the product of the polarizations θ j on the right-hand side of (3.32) induces on (CH 2 X/k ) 0 k × A(G 0 k ) a polarization which is at the same time a principal polarization and the product of two polarizations, and which is therefore the product of two principal polarizations; moreover, the first of these coincides with the canonical principal polarization of Theorem 3.1 (vi). Proposition 3.5 is proved. Now that Proposition 3.5 is proven, we let J 1 (resp. J 2 , resp. J 3 ) be the set of indices j such that c j = 2 and the curve Z j is smooth over k (resp. such that c j = 2 and Z j is not smooth over k, resp. such that c j = 3), and we proceed to show that the (Z j ) j∈J2 do not contribute to (CH 2 X/k ) 0 . Proof. We fix j ∈ J 2 . Let a : Pic 0 Zj /k → (CH 2 X/k ) 0 and b : Pic 0 Zj /k → G 0 denote the maps induced by (3.12). Let us assume that a = 0 and derive a contradiction. When a = 0, we claim that Pic 0 Zj /k = Ker(a) × Ker(b), that Ker(a) is affine and that Ker(b) is a non-trivial abelian variety; Theorem 1.7 then provides the desired contradiction. It thus suffices to prove the claim. To this end, it is enough to check that (Pic 0 Zj /k ) kp = Ker(a kp ) × Ker(b kp ), that Ker(a kp ) is affine and that Ker(b kp ) is a non-trivial abelian variety, as these three properties descend to k.
By functoriality, the map b induces maps
. As (CH 2 X/k ) 0 kp is an abelian variety (see Theorem 3.1 (ii)), we have L(a kp ) = 0 and the map A(a kp ) can be viewed as a map A(a kp ) : A((Pic 0 Zj /k ) kp ) → (CH 2 X/k ) 0 kp through which a kp factors, so that our assumption that a kp = 0 implies that A(a kp ) = 0. On the other hand, the map L(b kp ) is a closed immersion since a × b is one and L(a kp ) = 0.
Proposition 3.5 allows us to view A((Pic 0 Zj /k ) kp ) as a principally polarized direct factor of the product of principally polarized abelian varieties (CH 2
As the decomposition of a principally polarized abelian variety into its indecomposable factors is unique, as A((Pic 0 Zj /k ) kp ) is itself indecomposable (see §1.4.2), and as A(a kp ) = 0, necessarily A(b kp ) = 0 and A(a kp ) is a closed immersion, so that Ker(a kp ) = L((Pic 0 Zj /k ) kp ) (see (1.1)). All in all, the exact sequences (1.1) fit into a commutative diagram (3.33)
An isomorphism Ker(b kp ) ∼ −→ A((Pic 0 Zj /k ) kp ) and then all of the desired statements now result from this diagram, in view of the remark that the snake homomorphism is trivial since it goes from an abelian variety to an affine group.
Proof of Theorem 3.1 (vii).
In view of Lemma 3.8, we may consider the quotient H of G by its subgroup scheme j∈J2 Pic 0 Zj /k . Thanks to the exact sequences 0 → Pic 0 Zj /k → Pic Zj /k → Z Zj /k → 0 given by Proposition 1.6 for j ∈ J 2 , we deduce from (3.12) an isomorphism
Let B be the disjoint union of P 1 k , of the curves P 1 π0(Zj /k) for all j ∈ J 2 ∪ J 3 , and of the curves Z j for all j ∈ J 1 . It is a smooth projective curve over k, and it has the property that Pic B/k ≃ Z × j∈J1 Pic Zj /k × j∈J2∪J3 Z Zj /k since Pic P 1 π 0 (Z j /k) /k ≃ Res π0(Zj /k)/k (Z) ≃ Z Zj /k for j ∈ J 2 ∪ J 3 by Proposition 1.1. The isomorphism Pic B/k ∼ −→ CH 2 X/k × H deduced from (3.34) realizes CH 2 X/k as a principally polarized direct factor of Pic B/k by Proposition 3.5, as desired.
3.3. Blow-ups. The next proposition, which relies on arguments already used in the proof of Theorem 3.1, allows to compute CH 2 X/k in concrete situations.
Proposition 3.9. Let X be a smooth projective k-rational threefold over k, let i : Y → X be the closed immersion of a smooth subvariety of pure codimension c, and let p : X ′ → X be its blow-up. Then the formula (2.8) induces an isomorphism
respecting principal polarizations.
Proof. The isomorphism (2.8), Corollary 1.5 and Remark 1.2 (ii) yield canonical
in terms of these decompositions and using Proposition 2.4, we obtain an isomorphism (l) . We thus deduce from (3.36) the required isomorphism (3.35) of k-group schemes.
If c = 2, considering the commutative diagram (3.37)
whose vertical arrows stem from Theorem 3.1 (vi), whose lower horizontal arrow is the above constructed isomorphism and whose upper horizontal arrow is that of [BW19, Lemma 2.10] concludes the proof, as the latter arrow respects principal polarizations by [BW19, Lemma 2.10]. If c = 3, one can argue in the same way, using a diagram similar to (3.37) in which Pic 0 Y kp /kp does not appear.
3.4. Obstructions to k-rationality. The most general obstruction to the k-rationality of a smooth projective k-rational threefold obtained in this article is Theorem 3.1 (vii). In §3.4, we spell out concrete consequences of this theorem. We recall that a Γ k -module M is a permutation Γ k -module if it is free of finite rank as a Z-module and admits a Z-basis that is permuted by the action of Γ k , and that it is stably of permutation if there exists a Γ k -equivariant isomorphism M ⊕ N 1 ≃ N 2 for some permutation Γ k -modules N 1 and N 2 .
If X is a smooth projective k-rational threefold, we associate with any class Theorem 3.10. Let X be a smooth projective k-rational threefold over k. Then: (i) The Γ k -module NS 2 (X k ) is a direct factor of a permutation Γ k -module.
(ii) There exists an isomorphism (CH 2 X/k ) 0 ≃ Pic 0 C/k of principally polarized abelian varieties over k for some smooth projective curve C over k.
(iii) For all smooth projective geometrically connected curves D of genus ≥ 2 over k, all morphisms ψ : (CH 2 X/k ) 0 → Pic 0 D/k identifying Pic 0 D/k with a principally polarized direct factor of (CH 2 X/k ) 0 and all
Proof. Theorem 3.1 (vii) shows the existence of a smooth projective curve B over k such that CH 2 X/k is a principally polarized direct factor of Pic B/k . We let q : Pic B/k → CH 2 X/k be the projection onto this direct factor. Passing to the groups of connected components shows that NS 2 (X k ) is a direct factor of Z B/k (k), which is a permutation Γ k -module, thus proving (i).
Passing to the identity components shows that (CH 2 X/k ) 0 is a principally polarized direct factor of Pic Since q : Pic B/k → CH 2 X/k realizes CH 2 X/k as a direct factor of Pic B/k , one can
Remarks 3.11. (i) If X is a smooth projective k-rational variety and if k has characteristic 0, one can apply the weak factorization theorem [AKMW02, Theorem 0.3.1] to show that the Γ k -module NS 2 (X k ) is stably of permutation. This statement is stronger than Theorem 3.10 (i). We do not know if it holds if k has characteristic p > 0 and X has dimension ≥ 3. We do not know either whether Theorem 3.10 (i) holds for smoth projective k-rational varieties of dimension ≥ 4.
(ii) The geometric Neron-Severi group NS 1 (X k ) of a smooth projective k-rational variety X is stably of permutation. (See [Man66, Theorem 2.2] if X is a surface and [Vos70, Theorem 1] if k has characteristic 0. In general, choose modifications X p1 ← − X ′ p2 − → P 3 k with X ′ normal and note that NS 1 (X k ) ⊕ M 1 ≃ M 2 ⊕ Z, where the Γ k -module M i has the set of (p i ) k -exceptional divisors as a Z-basis). Theorem 3.10 (i) and Remark 3.11 (i) may be viewed as analogues of this classical statement for codimension 2 cycles.
(iii) To obtain a variant of Theorem 3.10 (iii) in the case where D is connected but not geometrically connected, one can apply Theorem 3.10 (iii) to the l-rational variety X l over l, where l is algebraic extension l := H 0 (D, O D ) of k.
Smooth complete intersections of two quadrics
In this last section, we apply the above results to k-varieties X that are threedimensional smooth complete intersections of two quadrics, computing the variety CH 2 X/k (in Theorem 4.7) and providing a necessary and sufficient criterion for their k-rationality (in Theorem 4.9).
Many of the geometric results that we need to do so are available in the literature in characteristic 0 or in characteristic = 2 [Rei72, Don80, Wan18], and we extend them to arbitrary characteristics. 4.1. Lines in a complete intersection of two quadrics. Let X ⊂ P 5 k be a smooth complete intersection of two quadrics over k. We let F be the Hilbert scheme of lines in X (also called the Fano variety of lines of X).
Lemma 4.1. The following assertions hold.
(i) The variety X does not contain any plane.
The variety F is a smooth projective surface whose tangent space at a k-point corresponding to a line L ⊂ X is naturally isomorphic to H 0 (X, N L/X ).
Proof. (i) By the Lefschetz hyperplane theorem [SGA2, XII, Corollary 3.7], Pic(X) is generated by O X (1). If X contained a plane P , we would have O X (P ) = O X (l) for some l ∈ Z, hence an equality of intersection numbers:
which is a contradiction.
(ii) Since L and X are complete intersections in P 5 k , the normal exact sequence 0 → N L/X → N L/P 5 k → N X/P 5 k | L → 0 of the inclusions L ⊂ X ⊂ P 5 k reads:
It follows that N L/X is a rank 2 vector bundle of degree 0 on L, hence of the form O L (l) ⊕ O L (−l) for some l ≥ 0 (see [HM82] ). Since it admits an injective morphism to O L (1) ⊕4 , one has l ∈ {0, 1}.
(iii) The computation of the tangent space is [Kol96, Chapter I, Theorem 2.8.1]. To prove that F is a smooth surface, we may work over k. For all L ∈ F (k), one has h 1 (L, N L/X k ) = 0 and h 0 (L, N L/X k ) = 2 by (ii). That F k is smooth of dimension 2 at L follows from [Kol96, Chapter I, Theorem 2.8.3].
Let Z ⊂ X × F be the universal line in X. If Λ ⊂ X is a line, the second projection Z ∩ (Λ × (F \ {Λ})) → F \ {Λ} is a closed immersion by [EGA43, Proposition 8.11 .5]. Its image is a subscheme W (Λ) ⊂ F \ {Λ} parametrizing the lines of X that are distinct from Λ and that intersect Λ scheme-theoretically. If L ∈ W (Λ)(k) and x = L ∩ Λ, then T L W (Λ) ⊂ T L F = H 0 (X, N L/X ) is the subset of those σ ∈ H 0 (X, N L/X ) such that σ x ∈ T x L, T x Λ /T x L. Lemma 4.2. If L and Λ are two distinct lines in X that intersect, the inclusion of tangent spaces T L W (Λ) ⊂ T L F is strict.
Proof. In view of Lemma 4.1 (ii), we may distinguish two cases according to the isomorphism class of the normal bundle N L/X . Suppose first that N L/X ≃ O ⊕2 L . Consider the point x = L ∩ Λ. Since N L/X is globally generated, we can choose a section σ ∈ H 0 (L, N L/X ) such that σ x / ∈ T x L, T x Λ /T x L. Then, the tangent vector of F at L associated to σ by Lemma 4.1 (iii) is not tangent to W (Λ).
Assume now that N L/X ≃ O L (1) ⊕ O L (−1). Choose homogeneous coordinates X 1 , . . . , X 6 on P 5 k such that L = {X 1 = · · · = X 4 = 0} and use X 1 , . . . , X 4 to identify N L/P 5 k with O ⊕4 L . After a coordinate change, we may assume that the composition O L (1) → O L (1)⊕O L (−1) → O L (1) ⊕4 of the inclusion of the first factor and of the first arrow of (4.1) is the inclusion of the first factor. In such coordinates, {X 1 + εX 5 = X 2 = X 3 = X 4 = 0} and {X 1 + εX 6 = X 2 = X 3 = X 4 = 0} are two k[ε]/ε 2 -points of F . Assuming for contradiction that T L W (Λ) = T L F , these two infinitesimal deformations of L in X intersect Λ scheme-theoretically, which implies that Λ ⊂ P := {X 2 = X 3 = X 4 = 0}. Since X contains L, the monomials X 2 5 , X 5 X 6 and X 2 6 do not appear in the equations of X. Since X also contains the above two infinitesimal deformations of L, neither do the monomials X 1 X 5 and X 5 X 6 . It follows that the intersection of X with the plane P is either equal to P or to the double line {X 2 1 = 0} ⊂ P . Since Λ ⊂ X ∩ P but Λ = L, we deduce that P ⊂ X, which contradicts Lemma 4.1 (i).
4.2.
Projecting from a line. We keep the notation of §4.1.
Assume that X contains a line Λ ⊂ X, which we fix. We denote by µ : X ′ → X and µ : (P 5 k ) ′ → P 5 k the blow-ups of Λ in X and P 5 k and, and by ν : X ′ → P 3 k and ν : (P 5 k ) ′ → P 3 k the morphisms obtained by projecting away from Λ. Proposition 4.3. There exists a smooth projective connected curve ∆ ⊂ P 3 k of genus 2 such that ν can be identified with the blow-up of ∆ in P 3 k . Proof. Write Λ = {X 1 = · · · = X 4 = 0} in appropriate homogeneous coordinates X 1 , . . . , X 6 of P 5 k . The morphism ν : (P 5 k ) ′ → P 3 k realizes (P 5 k ) ′ as the projectivization (in Grothendieck's sense) of the vector bundle E = O P 3 k ⊕O P 3 k ⊕O P 3 k (1) on P 3 k . In a natural way, we use homogeneous coordinates X 1 , . . . , X 4 on P 3 k , and we let X 5 , X 6 (resp. X 7 ) denote the sections of E (resp. of E(−1)) on P 3 k corresponding to the decomposition of E in direct factors. If X has equations {L 1 X 5 +L 2 X 6 +Q = 0} and {L ′ 1 X 5 + L ′ 2 X 6 + Q ′ = 0} in P 5 k , with L 1 , L 2 , L ′ 1 , L ′ 2 (resp. Q, Q ′ ) linear (resp. quadratic) in X 1 , . . . , X 4 , then X ′ has equations {L 1 X 5 + L 2 X 6 + QX 7 = 0} and {L ′ 1 X 5 + L ′ 2 X 6 + Q ′ X 7 = 0} in (P 5 k ) ′ . The fibers of the projection ν : X ′ → P 3 k are defined by two linear equations in a 2-dimensional projective space, hence are isomorphic to P 0 k , to P 1 k or to P 2 k . Lemma 4.1 (i) shows that there are no 2-dimensional fibres. The determinantal subscheme ∆ ⊂ P 3 k defined by the vanishing of the maximal minors of the matrix
k over which the fibers of ν are one-dimensional with a schematic structure.
Assume for contradiction the existence of x ∈ ∆(k) such that ν −1 (x) is the line {X 7 = 0} ⊂ ν −1 (x), and such that T x ∆ k has dimension ≥ 2. That ν −1 (x) contains the line {X 7 = 0} ⊂ ν −1 (x) implies that the linear forms L 1 , L 2 , L ′ 1 and L ′ 2 vanish at x. That T x ∆ k has dimension ≥ 2 implies that the differentials at x of the cubic forms L 1 Q ′ − L ′ 1 Q and L 2 Q ′ − L ′ 2 Q are linearly dependent. After replacing (L 1 , L ′ 1 ) or (L 2 , L ′ 2 ) with a suitable k-linear combination of (L 1 , L ′ 1 ) and (L 2 , L ′ 2 ) (which is possible by a change of coordinates), we may assume that the cubic {L 1 Q ′ − L ′ 1 Q = 0} is singular at x. Since Q and Q ′ do not both vanish at x (otherwise X k would contain the plane Λ, x , contradicting Lemma 4.1 (i) over k), and since L 1 and L ′ 1 vanish at x, we deduce that L 1 and L ′ 1 are linearly dependent. Consequently, an appropriate k-linear combination of the degree 2 equations defining X k is of the form L ′′ 2 X 6 + Q ′′ , where L ′′ 2 and Q ′′ are respectively linear and quadratic in X 1 , . . . , X 4 . Since V := {L ′′ 2 X 6 + Q ′′ = 0} is singular at p := [0 : 0 : 0 : 0 : 1 : 0] and X k ⊂ V is a Cartier divisor containing p, we see that X k is also singular at p, which is absurd.
Let us now show that ∆ is smooth of the expected dimension (equal to 1). Otherwise, there exists a point x ∈ ∆(k) such that T x ∆ k has dimension ≥ 2. Since ν −1 (x) is not equal to {X 7 = 0} ⊂ ν −1 (x) by the above, it induces a line L ⊂ X that is distinct from Λ. We note that the open subset of the relative Hilbert scheme of lines of ν : (P 5 k ) ′ → P 3 k consisting of those lines that are not defined by the equation {X 7 = 0} in a fiber of ν is naturally isomorphic to the scheme parametrizing the lines in P 5 k that are distinct from Λ but intersect Λ scheme-theoretically. As a consequence, two independent tangent vectors of ∆ at x give rise to two independent tangent vectors of W (Λ) at L. Since F is smooth of dimension 2 at L by Lemma 4.1 (iii), this contradicts Lemma 4.2.
It then follows from [Eis05, Theorem A2.60, Example A2.67] that O ∆ is resolved by the Eagon-Northcott complex
whose first arrow is given by the matrix (4.2), and the second arrow by its maximal minors. Using it allows to compute that h 0 (∆, O ∆ ) = 1 and h 1 (∆, O ∆ ) = 2, hence that the smooth projective curve ∆ is connected and of genus 2.
To conclude, we denote by λ : Y → P 3 k the blow-up of ∆ in P 3 k . All fibers of ν| ν −1 (∆) : ν −1 (∆) → ∆ are lines. It follows from [Har77, III, Theorem 9.9] that ν| ν −1 (∆) is flat, hence smooth. Consequently, ν −1 (∆) is a smooth divisor in X ′ . Since X ′ is smooth, ν −1 (∆) is a Cartier divisor in X ′ , and the universal property of a blow-up yields a morphism φ : X ′ → Y such that λ • φ = ν. Both λ and ν are birational (the latter because the general fiber of ν is a 0-dimensional projective space), hence so is φ. We deduce that φ is an isomorphism, as is any birational morphism between smooth projective varieties with the same Picard ranks.
Universal families.
Consider the projective space π : P 5 Z → Spec(Z). The Grassmannian of 2-dimensional subspaces of the vector bundle π * O P 5
Z
(2) contains an open subset B parametrizing those pencils of quadrics whose zero-locus is smooth of codimension 2. Let X ⊂ P 5 B be the universal zero-locus of these pencils and denote by p : X → B the projection, which it is the universal family of smooth complete intersections of two quadrics in P 5 . Let q : F → B be the relative Hilbert scheme parametrizing lines included in the fibers of p (that is, the relative Fano variety of lines of p : X → B). Remark 4.5. As an easy consequence of Lemma 4.4, a smooth complete intersection of two quadrics in P 5 k contains a line over k, hence is k-rational by Proposition 4.3. Lemma 4.6. Let R be a discrete valuation ring and let f : S → Spec(R) be a smooth projective morphism whose geometric generic fiber is an abelian variety.
(i) If f ′ : S ′ → Spec(R) is a smooth projective morphism whose geometric special fiber is an abelian variety, any isomorphism between the generic fibers of f and f ′ extends to an isomorphism between S and S ′ . To prove (ii), we may assume that R is complete and, after replacing R by a finite extension, that the generic fiber of f is an abelian variety A. We fix a prime number ℓ invertible in R, and let K be an algebraic closure of Frac(R). Since f is smooth and projective, the smooth and proper base change theorem shows that the inertia subgroup of Gal(K/K) acts trivially on H 1 (A K , Z ℓ ). It then follows from the Néron-Ogg-Shafarevich criterion [ST68, Theorem 1] that there exists an abelian scheme f ′ : S ′ → Spec(R) with generic fiber A. Applying (i) concludes. 4.4. The intermediate Jacobian. In Theorem 4.7, we compute CH 2 X/k for threefolds X that are smooth complete intersections of two quadrics. Note that such varieties are k-rational by Remark 4.5, so that Theorem 3.1 applies to them.
Theorem 4.7 (iv) will be crucially used in the proof of Theorem 4.9. It is due to Wang [Wan18] in characteristic = 2, and our proof in general proceeds by reduction to characteristic 0. The sheaf O Z induces a class [O Z ] ∈ K 0 (X F ) by §2.1.5 (as F is smooth by Lemma 4.1 (iii)), which belongs to SK 0 (X F ) since it vanishes in restriction to X F \ Z. It thus induces a morphism F → CH 2 X/k . This morphism factors through (CH 2 X/k ) 1 because it sends a point x ∈ F (k) to the class in CH 2 X/k (k) = CH 2 (X k ) of the line in X k associated with x (as Z is flat over F ), which has degree 1. To show that the resulting morphism F → (CH 2 X/k ) 1 is an isomorphism, and that so is the induced Albanese morphism f : Alb 0 (F ) → Alb 0 ((CH 2 X/k ) 1 ) = (CH 2 X/k ) 0 , it suffices to work over k. Since F k is isomorphic to an abelian variety by Lemma 4.4, one only has to show that f k is an isomorphism. The morphism ∆ → F k associating with x ∈ ∆(k) the line µ(ν −1 (x)) induces a morphism g : Pic 0 ∆/k → Alb 0 (F k ) between Albanese varieties. The composition f k • g : Pic 0 ∆/k → (CH 2 X k /k ) 0 coincides at the level of k-points with the (principally polarized) isomorphism obtained by applying Proposition 3.9 to µ and ν, hence is equal to it. It follows that the kernel of g is trivial, hence that g is an isomorphism as Pic 0 ∆/k and Alb 0 (F k ) are both abelian surfaces. We deduce that f k is an isomorphism, and (ii) is proven.
Let R be a complete discrete valuation ring with residue field k and fraction field K of characteristic 0 (if k has characteristic p > 0, its existence follows from [Mat80, Theorem 83]). Since B is smooth over Z, we may lift the k-point of B associated with X to an R-point of B corresponding to a lift X → Spec(R) of X. The relative Hilbert scheme of lines F → Spec(R) of X is smooth over R by Lemma 4.4. The fibers of the abelian scheme A := Pic 0 Pic 0 F /R /R over R are the respective Albanese varieties of F = F k and F K , and (ii) applied over k and K yields natural isomorphisms A k ∼ −→ (CH 2 X/k ) 0 and A K ∼ −→ (CH 2 XK /K ) 0 , hence natural principal polarizations on A k and A K . We claim that the former is the specialization of the latter. The characterization of these polarizations that is given in Remark 3.2 (iv) relies on Bloch's Abel-Jacobi map. Our claim thus follows from the compatibility of Bloch's Abel-Jacobi map with specialization [Blo79, Proposition 3.8].
We can now view A as a principally polarized abelian variety over R. Its geometric special fiber is isomorphic to the Jacobian of a smooth curve of genus 2 by (4.3). We deduce from Lemma 4.8 below the existence of a smooth projective genus 2 curve D over R and of an isomorphism ψ : A ∼ −→ Pic 0 D/R of principally polarized abelian schemes. To prove the existence assertion of (iii), set (D, ψ) = ( D k , ψ k ). The uniqueness assertion follows from Lemma 4.8.
In view of Lemma 4.4, F is a torsor under A. The fppf quotient of F × R F by the diagonal action of A is representable by an fppf A-torsor T → Spec(R) by [Mil80, III, Theorem 4.3 (c)], whose class in H 1 (Spec(R), A) is twice that of F . By [Wan18, Theorem 1.1], there is an isomorphism T K ∼ −→ Pic 1 DK /K , which extends to an isomorphism T ∼ −→ Pic 1 D/R by Lemma 4.6 (i), hence restricts to an isomorphism T k ∼ −→ Pic 1 D/k . Assertion (iv) follows.
We used the following well-known lemma for which we could find no reference. We let M 2 (resp. A 2 ) be the smooth separated Deligne-Mumford moduli stack of genus 2 curves (resp. of principally polarized abelian surfaces) over Z, and let t 2 : M 2 → A 2 the Torelli map associating with a curve its Jacobian. Proof. That a theta divisor exists étale-locally on A 2 (see [FC90, I, Definition 1.6]) shows the existence of an open substack A 0 2 ⊂ A 2 parametrizing those principally polarized abelian surfaces whose theta divisor is smooth. Then t 2 factors through a morphism t 0 2 : M 2 → A 0 2 , which is bijective on geometric points by the Torelli theorem and separated because so is M 2 . The geometric fibers of t 0 2 have trivial automorphism groups by the precise version of the Torelli theorem given in [Ser01, Appendice, Théorème 1], hence trivial automorphism group schemes since M 2 is Deligne-Mumford. It follows from [Con07, Corollary 2.2.7] that t 0 2 is representable. Let U → A 0 2 be a surjective étale morphism from a scheme U over which a theta divisor exists, let (t 0 2 ) U : U × A 0 2 M 2 → U be the base change, and note that U × A 0 2 M 2 is a scheme by [Knu71, II, Theorem 6.15]. The theta divisor yields a section σ : U → U × A 0 2 M 2 of (t 0 2 ) U , which is a closed immersion since (t 0 2 ) U is separated, hence an isomorphism (as it is surjective, and U × A 0 2 M 2 is reduced because so is M 2 ). We deduce that (t 0 2 ) U is an isomorphism, hence that so is t 0 2 . 4.5. Rationality. We finally study the k-rationality of three-dimensional complete intersections of two quadrics.
Theorem 4.9. Let X ⊂ P 5 k be a smooth complete intersection of two quadrics. Then X is k-rational if and only if it contains a line defined over k.
Proof. If X contains a line Λ, then projecting from Λ induces a birational map X P 3 k (see the more precise Proposition 4.3). Assume conversely that X is k-rational. Let (D, ψ : (CH 2 X/k ) 0 ∼ −→ Pic 0 D/k ) be as in Theorem 4.7 (iii). Using Theorem 4.7 (ii), we identify the variety of lines F of X with the torsor (CH 2 X/k ) 1 under (CH 2 X/k ) 0 . Theorem 3.10 (iii) shows the existence of d ∈ Z such that ψ * Noting that K D ∈ Pic 2 D/k (k) since D has genus 2, we see that the Pic 0 D/k -torsor Pic 2 D/k is trivial. As one of d and 1 − d is even, it follows from (4.4) that ψ * [F ] = 0 ∈ H 1 (k, Pic 0 D/k ). Consequently, F (k) = ∅ and X contains a line defined over k.
